Although quantum tunneling between phase space tori occurs, it is suppressed in the semiclassical limit~& 0 for the Schr odinger equation of a particle in R d under the in uence of a smooth periodic potential.
Introduction
Consider abstractly a self-adjoint operator H on its domain D(H) in a Hilbert space H. Then for " 0 one may call a pair (~ Ẽ ) 2 D(H) R , k~ k = 1 , k(H ;Ẽ)~ k "
an "-quasimode 1] . In particular, eigenfunctions with eigenvalues E are 0-quasimodes.
The existence of an "-quasimode (~ Ẽ ) implies that the operator H has spectrum (H) in Ẽ ; " Ẽ + "]. In particular w e a re sure to nd an eigenvalue E in an interval Ẽ ; Ẽ + ] for " , i f w e know that the spectrum in that interval is purely discrete.
CPT-CNRS, Luminy Case 907, F-13288 Marseille Cedex 9, France. e-mail: asch@cpt.univmrs.fr y Max-Planck-Institute for Mathematics in the Sciences, Inselstr. 22{26, D-04103 Leipzig, Germany. e-mail: knauf@mis.mpg. de If we know in addition that E is the only such eigenvalue, then, after choosing an appropriate phase for its normalized eigenfunction , w e have k~ ; k 2" : (1) However, due to near-degeneracies of (H) there may beno eigenfunction of H near~ :
The standard example is that of the Schr odinger operator on the line with the double well potential V (q) : = ( q;1) 2 (q+ 1 ) 2 . Then for energies E < 1 one may construct~1-quasimodes localized in one or the other well, whereas all eigenfunctions of H~exhibit parity. Here the near-degeneracy of the eigenenergies, which is of order O(exp(;c=~)), is connected with tunneling between the two components of the energy shell of the classical system (see, e.g. Lazutkin, 6] ).
So in that case phase space tunneling survives the semiclassical limit, and one cannot con ne a particle forever in a well. As a physical consequence one may mention the N H 3 microwave radiation. For higher degrees of freedom d these energy shell components generalize to invariant Lagrangian tori in phase space. If such invariant tori exist and one has some control over the bicharacteristic ow in their vicinity, then it is possible to construct "-quasimodes of high accuracy (" =~N) and thus to extract precise spectral informations in the semiclassical limit~& 0, 6].
However, because of near-degeneracies in the spectrum, in general one cannot draw any conclusion concerning the semiclassical eigenfunctions. In recent years re ned epitactic methods allowed to produce semiconductors with periodic superlattices. The electrons in these periodic potentials have a small e ective value of~, leading to interesting e ects (see 12]). In this context it is important to know to which extent one may model the electronic behavior classically.
This On the other hand the symmetry Eñ(;k) = Eñ(k) of the band functions implies in the non-degenerate case that the group velocity vanishes for k = 0 and the other 2 d ; 1 xed points of k 7 ! ; k on T .
To see how this vanishing of the group velocity is connected with phase space tunneling, we consider the simplest case of d = 1 dimension (for d = 2 see also
4]).
In that case the energy shell E := H ;1 (E) P of the Hamiltonian function H(p q) : = 1 2 p 2 + V (q) on the phase space P := T T consists for energies E > V max := max q V (q) of two components, corresponding to ballistic motion to the right resp. to the left. These components are permuted by t h e time reversal transformation (p q) 7 ! (;p q) on P.
As the eigenfunction ñ (k) can bechosen to bereal for k = 0, it is semiclassically equally concentrated on both (one-dimensional) tori corresponding to the energy E = Eñ(0).
The vanishing group velocity is one manifestation of that fact. Thus for k = 0, arbitrarily small values of~and large times t the quantum evolution exp(;iH~(k)t=~) and the classical ow t : P ! P generated by H behave very di erently.
However we argue that for general quasimomenta k in T phase space tunneling is exceptional in the limit~& 0.
More speci cally, w e conjectured in 2] that the quantum distribution of group velocities converges in the semiclassical limit to the classical one, see Conjecture 5.1 below.
We proved this in 2] for the extreme cases of potentials leading to ergodic motion, and for separable potentials (which are the only known examples of periodic potentials leading to integrable motion).
Here we show a similar statement for arbitrary smooth potentials and large energies, where KAM tori are known to dominate the phase space volume. After presenting the strategy in Sect. 2, we adapt in Sect. 3 In a nal section, we try to abstract our strategy. We a rgue that a mere existence proof for a full set of~N{quasimodes with localized asymptotic velocities could imply the conjectured classical limit of the distribution of group velocities.
Heuristics
Before we turn to formal statements and proofs, we shortly describe the main ideas, starting with the following observation.
Two given quasimodes associated to di erent KAM tori give rise to di erent expectations of the sub-principal symbol~k D of the operator H~(k) de We apply this method after some straightforward adaptation to our family (2) of di erential operators.
An important input for that construction consists in the re nement of KAM theory presented in the paper 7] by P oschel. Roughly speaking one uses that the deviation of the Hamiltonian function H from an integrable one vanishes faster than any power of the phase space distance to the KAM set. In particular we may apply perturbative semiclassical techniques in some~ -neighborhood of the set of KAM tori.
A nal remark concerns the phase space complement of the KAM set. In general we do not have any information over individual eigenfunctions and eigenvalues concentrating semiclassically in that region.
In particular w e cannot hope to lift near-degeneracies between such eigenvalues and the energies of the KAM-quasimodes by changing the quasi-momentum. Moreover, if a quasimode is involved in such a near-degeneracy, there need not beany eigenfunction ñ (k) near to that quasimode.
However, we can apply a box counting principle. We k n o w from KAM theory that for large energies E the complement of the KAM set is of relative measure So for typical k 2 T most Eñ(k) are not near-degenerate, and thus the corresponding eigenfunctions ñ (k) are well approximated by quasimodes~ .
KAM Estimates and Quasimodes
In order to apply KAM theory to H with energies in 
These are asymptotically of full measure as & 0.
Denote the interval of new energies byÎ := 1 ; 1 + ]. For " = 0 the phase space regionP " :=Ĥ ;1 " (Î) P is of the form P 0 =Ĵ 1 T : By KAM for j"j small there exist a smooth generating functionŜ " onĴ 1 T and a HamiltonianK " independent of the angle variables, with the following properties.
The frequency vector
is nondegenerate, and coincides for " = 0 with (4). On the Cantor setĴ 1 " := (! " ) ;1 ( ) of actionŝ
The symplectomorphism T " :Ĵ 1 T !P , (J 1 ' 1 ) 7 ! (J ' ) generated by J 1 ' ;Ŝ " (J 1 ' ) is near to the identity. For = c p " the setK " :=T " (Ĵ 1 " T ) \P " of^ t -invariant KAM tori is of Liouville measure
The di erence between the non-integrable Hamiltonian functionĤ " (x) and the integrable HamiltonianK " T ;1 " (x) vanishes faster than any power of the distance dist(x K " ) from the invariant tori, and the same is true for any derivatives. 
Turning to quantum mechanics, the following theorem was essentially proven by Lazutkin in 6]. Proof. This is essentially Theorem 41.10 in 6]. We specialize some formal aspects to our case { i.e. the con guration manifold has no boundary and the invariant Lagrangian tori are di eomorphically projecting to the con guration torus, so that we do not need a Maslov operator. By KAM we k n o w that there exists K 2 C 1 (J 1 ) S 2 C 1 (J 1 T) such that not only H(P ; @ q S(P q) q ) = K(P) on (@ P K) ;1 ( ) T but H(P ; @ q S(P q) q ) = K(P) + O ; dist(P (@ P K) ;1 ( )) 1 (13) on J 1 T with all derivatives. Now set S(P q) := P q ; S(P q):
S(` k q ) :=S(~(` + k) q ) E 0 (` k ) : = K(~(k +` )) then de nes a solution of (S C) ;1 .
Using the same strategy the transport equations (S C) j are now solved in two steps: rst solve the corresponding equation indexed by P approximatively near a KAM torus, then replace P by~(` + k) for` 2 Ĩ (k) and exploit atness of the functions.
Let E besolarge that @ 2 qPS (P q) is non-degenerate. j det @ 2 qPS (P q)j dq is (the coordinate representation of) an invariant measure on a KAM torus P = const. So, with T P denoting the transport operator with respect toS(P q): For arbitrary P it follows that T P A 0 (P q) = O (dist(P (@ P K) ;1 ( )) 1 ) so
satisfy (S C) 0 for` 2 Ĩ (k).
By (15) we may n o w suppose that A 0 (P q) E 1 (P ) : : : A j (P q) E j+1 (P ) meet (T P A j 0 ; 1 2 A j 0 ;1 + P j 0 ;1 l=0 E j 0 +1;l A l )(P q) = O (dist(P (@ P K) ;1 ( )) 1 ) :
Then the structure of the equation for A j+1 E j+2 is T P A j+1 (P q) = f(P q) + E j+2 (P )A 0 (P q):
This is satis ed for P 2 (@ P K) ;1 ( ) by E j+2 (P ) : = ; Z T A ;1 0 f(P q(P Q)) dQ A j+1 (P q(P Q)) := A 0 (P q(P Q)) X 06 =` 2L (A ;1 0 f)(` P )
h@ P K(P) ` i e ihQ ` i : Here q(P Q) is given by the canonical di eomorphism T : (P Q) 7 ! (p q) generated byS(P q), a n d g 7 !ĝ the Fourier-Transform g(` P ) : = 
So for~<~0 we know in particular that dim(P~ (k)) 1.
But since the quasimode construction is only based on the KAM part of phase space, it does not su ce to know that the quasimode energiesẼ~ (k) are separated from each other to ensure that the eigenenergies are isolated. Thus we consider the subset so that further eigenvalues must beindexed by an integer belonging to the set which appears on the r.h.s. of (27). The Weyl estimate
is uniform in k, since the slope of the band functions is bounded above by jr k Eñ(k)j ~p2(Eñ(k) ; V min ) and thus of order~if Eñ(k) 2 I (see 2], Corr. 2.4).
Thus the r.h.s. of (27) is bounded above by
Inserting that upper estimate for (27) in (26) and using (23) Remark 5.2 One may also consider the stronger conjecture with continuous bounded test functions f, that is weak convergence in the language of probability theory.
Here we obtain a statement which veri es the conjecture in the high energy limit.
To this aim we introduce the ballistic scaling f E (e v) : = E ;d=2 f(e=E v= p E) (E > 0) of a test function f 2 C 0 0 (R d+1 R), so that f 1 = f. We notice that for V 0 we have (E v ) = C (E ; 1 2 v 2 ) so that
The result is Theorem 5.3 For all f 2 C 0 (R d+1 R) with compact support in R + R d we have lim sup &0
Proof. By our assumption on f there is an interval I of the form (3) so that I R d strictly contains the support of f E . The index set of eigenenergies in I splits into the disjoint union
By (21), the volume estimate (22) and injectivity o f I k
for` 2 F Ĩ (k) \ 1 (k) and n := I k (` ) and the identity v(x) = @ P K(P) (P 2 J 1 x 2 T(fPg T))
for the group velocity o n the KAM tori which we bothprove now.
By de nition (18) of F Ĩ (k), the eigenvalue Eñ(k) is non-degenerate so that
For in the (k{invariant) domain of H~(k) and E 2 R we have the estimate With the exception of the elliptic orbits, there is no direct generalization of the above KAM methods, and thus it seems hopeless to control the wavefunctions semiclassically supported in that region. However, as the following example shows, other methods may w ork.
Example. Consider d = 2 dimensions. As shown in 2], in the presence of at least two geometrically distinct KAM tori t h e m o t i o n o n E is ballistic ( v 6 = 0 ). This is caused by the fact that these tori have codimension one in E and thus con ne the ow between them. We denote by R I P I the phase space region enclosed by two nearby KAM tori (or rather families of such tori indexed by the energy in I). Di erent such regions R I , however, have di erent classical asymptotic velocities. Thus one should be able to apply the heuristics developed in Sect. 2 to that case, too | without explicitly knowing the quasimodes. When trying to work on this kind of arguments, one is led to the paradoxical conclusion that sometimes it is more useful to know quasimodes (with certain additional properties) of an operator than to know its eigenfunctions.
To explain this, consider the algebra generated by fH~(k) v1(k) : : : vd(k)g vĩ being the components of the operator of asymptotic velocity { which commute with H~(k) { and try to show the existence of joint quasimodes. Arguing along the lines of Sect. 2, such an existence proof could su ce to prove Conjecture 5.1 in full generality.
